Abstract. We prove the Hyers-Ulam stability of linear d-isometries in linear d-normed Banach modules over a unital C * -algebra and of linear isometries in Banach modules over a unital C * -algebra. The main purpose of this paper is to investigate d-isometric C * -algebra isomorphisms between linear d-normed C * -algebras and isometric C * -algebra isomorphisms between C * -algebras, and d-isometric Poisson C * -algebra isomorphisms between linear d-normed Poisson C * -algebras and isometric Poisson C * -algebra isomorphisms between Poisson C * -algebras.
Introduction and preliminaries
In 1940, S. M. Ulam [58] Let X and Y be Banach spaces with norms || · || and · , respectively. Hyers [20] showed that if > 0 and f : X → Y such that f (x + y) − f (x) − f (y) ≤ for all x, y ∈ X, then there exists a unique additive mapping T : X → Y such that f (x) − T (x) ≤ for all x ∈ X.
Consider f : X → Y to be a mapping such that f (tx) is continuous in t ∈ R for each fixed x ∈ X. Assume that there exist constants ≥ 0 and p ∈ [0, 1) such that f (x + y) − f (x) − f (y) ≤ (||x|| p + ||y|| p ) In [46] , the author defined the notion of d-isometry and proved the Rassias andŠemrl's theorem in linear d-normed spaces. 
Definition 1.4 ([6]
). The points x, y, z ∈ X are said to be colinear if x − y and x − z are linearly dependent.
We define the notion of linear d-normed Banach space. [3, 4, 10, 13, 26, 32, 33, 34, 35, 37, 41, 43] [17, 30, 31, 38] ). 
d-isometric linear mappings in linear d-normed
Proof. Let u = 1 ∈ U (A). By the Gȃvruta's theorem [18] , it follows from (2.i) and (2.ii) that there exists a unique additive mapping
for all x ∈ X. By the same reasoning as in the proof of [32] and [37] , one can show that the additive mapping L : X → Y is an A-linear mapping.
It follows from (2.iii) that
which tends to zero as n → ∞ for all
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Corollary 2.2. Let θ and p < 1 be positive real numbers. Let f : X → Y be a mapping satisfying f (0) = 0 such that
p and apply Theorem 2.1.
Proof. By the same reasoning as in the proof of Theorem 2.1, there exists a unique A-linear mapping L :
for all x ∈ X. It follows from (2.v) that
which tends to zero as n → ∞ for all x ∈ X by (2.i). So by (2.2)
for all x, y ∈ X, as desired. 
, all y ∈ A and all n ∈ Z, for which there is a function ϕ :
Proof. We can consider a C * -algebra as a Banach module over the unital C * -algebra C. By Theorem 2.1, there exists a unique C-linear mapping H : A → B such that
for all x ∈ A. The mapping H : A → B is given by
for all x ∈ A. By (3.i) and (3.iii), we get
Since H is C-linear and each x ∈ A is a finite linear combination of unitary elements (see [33, Theorem 4.
for all u ∈ U(A) and all y ∈ A. By the additivity of H and (3.2),
for all u ∈ U(A) and all y ∈ A. Hence
for all u ∈ U(A) and all y ∈ A. Taking the limit in (3.3) as n → ∞, we obtain (3.
4) H(uy) = H(u)H(y)
for all u ∈ U (A) and all y ∈ A. Since H is C-linear and each x ∈ A is a finite linear combination of unitary elements, i.e., x = m j=1 λ j u j (λ j ∈ C, u j ∈ U(A)), it follows from (3.4) that
for all x, y ∈ A. By (3.2) and (3.4),
H(e)H(y) = H(ey) = H(e)h(y)
for all y ∈ A. Since lim n→∞ h(2 n e) 2 n = H(e) is invertible,
H(y) = h(y)
for all y ∈ A.
It follows from (3.iv) that
which tends to zero as n → ∞ for all x 1 , . . . , x d ∈ A by (3.i). By (3.1),
. . , y d ∈ A. So the additive mapping H : A → B is a d-isometry.
Therefore, the bijective mapping h : A → B is a d-isometric C * -algebra isomorphism, as desired. 
Corollary 3.2. Let h : A → B be a bijective mapping satisfying h(0) = 0 and h(2 n uy) = h(2 n u)h(y) for all u ∈ U(A), all y ∈ A and all n ∈ Z, for which there exist constants θ ≥ 0 and p ∈ [0, 1) such that
Proof. Put µ = 1 in (3.vii). By the same reasoning as in the proof of Theorem 3.1, there exists a unique d-isometric involutive additive mapping H : A → B satisfying (3.vi). The mapping H : A → B is given by
for all x ∈ A. By the same reasoning as in the proof of [47, Theorem] , the additive mapping H : A → B is R-linear. Put µ = i in (3.vii). By the same method as in the proof of Theorem 3.1, one can obtain that
for all x ∈ A. For each element λ ∈ C, λ = s + it, where s, t ∈ R. So
for all λ ∈ C and all x ∈ A. So
H(ζx + ηy) = H(ζx) + H(ηy) = ζH(x) + ηH(y)
for all ζ, η ∈ C and all x, y ∈ A. Hence the additive mapping
for all u ∈ U(A) and all y ∈ A. By the additivity of H and (3.5),
for all u ∈ U(A) and all y ∈ A. Hence (3.6)
for all u ∈ U(A) and all y ∈ A. Taking the limit in (3.6) as n → ∞, we obtain (3.7)
H(uy) = H(u)H(y)
for all u ∈ U (A) and all y ∈ A. Since H is C-linear and each x ∈ A is a finite linear combination of unitary elements, i.e., x = m j=1 λ j u j (λ j ∈ C, u j ∈ U(A)), it follows from (3.7) that
for all x, y ∈ A.
By (3.5) and (3.7),
H(e)H(y) = H(ey) = H(e)h(y)
for all y ∈ A. Since lim n→∞
H(y) = h(y)
is invertible. If h(tx) is continuous in t ∈ R for each fixed x ∈ A, then the bijective mapping
p and apply Theorem 3.3.
Now we prove the Hyers-Ulam stability of d-isometric C * -algebra homomorphisms in linear d-normed unital C * -algebras.
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Theorem 3.5. Let h : A → B be a mapping satisfying h(0) = 0 for which there exists a function ϕ :
for all u, v ∈ U(A) and all n ∈ Z. Then there exists a unique d-isometric C * -algebra homomorphism H : A → B satisfying (3.vi).
Proof. By the same reasoning as in the proof of Theorem 3.1, there exists a unique d-isometric C-linear involutive mapping H : A → B satisfying (3.vi).
The mapping H : A → B is given by
for all x ∈ A. By (3.viii),
which tends to zero as n → ∞ by (3.i). By (3.8),
for all u, v ∈ U (A). Since H is C-linear and each x ∈ A is a finite linear combination of unitary elements, i.e., x = m j=1 λ j u j (λ j ∈ C, u j ∈ U(A)),
for all x ∈ A and all v ∈ U(A). By the same method as given above, one can obtain that
H(xy) = H(x)H(y)
for all x, y ∈ A. So the mapping H : A → B is a d-isometric C * -algebra homomorphism, as desired. 
p and apply Theorem 3.5.
We investigate isometric C * -algebra isomorphisms between unital C * -algebras.
Theorem 3.7. Let h : A → B be a bijective mapping satisfying h(0) = 0 and h(2 n uy) = h(2 n u)h(y) for all u ∈ U(A), all y ∈ A and all n ∈ Z, for which there is a function
for all x ∈ A. Then the bijective mapping h : A → B is an isometric C * -algebra isomorphism.
Proof. By the same reasoning as in the proof of Theorem 3.1, there exists a unique C * -algebra homomorphism H : A → B satisfying (3.vi), and H(x) = h(x) for all x ∈ A. The mapping H : A → B is given by (3.9) H
for all x ∈ A. It follows from (3.ix) that
which tends to zero as n → ∞ for all x ∈ A by (3.i). By (3.9),
for all x, y ∈ A. So the additive mapping H : A → B is an isometry. Therefore, the bijective mapping h : A → B is an isometric C * -algebra isomorphism, as desired. Proof. The proof is similar to the proofs of Theorems 3.1, 3.5 and 3.7. 
p and apply Theorem 3.11. Proof. Let z = w = 0 in (4.ii). By the same reasoning as in the proof of Therefore, the bijective mapping h : A → B is a d-isometric Poisson C * -algebra isomorphism, as desired.
d-isometric homomorphisms between linear d-normed

